Finite word length stability issues in an F 1 framework J. F. WHIDBORNE{} , J. WU{ and R. S. H. ISTEPANIAN} The paper addresses the digital controller structure problem for the closed loop stability of a feedback digital control system subject to ® nite word length (FWL). A new method of maximizing the stability subject to perturbations in the digital controller implementation is proposed. The approach is based on structured perturbation theory in an F 1 framework, and unlike some previous approaches, can be simply extended to consider closed loop nominal performance and closed loop robust performance and stability. The method is demonstrated with application examples.
Introduction
For the production of mass volume products, such as automobiles and electronic consumer goods, it is imperative to keep component costs low. For this reason, and for advantages of speed, memory requirements, physical space and simplicity; ® xed point processors with as small a word length as possible are preferred for the implementation of digital control in such products. This results in the problem of determining the controller realization which can use least possible word length, whilst maintaining closed loop stability and performance. Over the years, many results have been reported in the literature dealing with FWL controller implementation and their relevant parameterization issues (e.g. Morony et al. 1980 , Morony 1983 , Middleton and Goodwin 1990 , Williamson 1991 , Gevers and Li 1993 , Fialho and Georgiou 1994 , Madievski et al. 1995 , Skelton et al. 1998 . Solutions based on closed loop eigenvalue sensitivity measures have been proposed recently by Li and Gevers (1996) , Istepanian et al. (1998 a, b) and Li (1998) . The main limitation of these approaches is that only closed loop stability with optimal ® nite precision controller implementation can be considered, the closed loop performance cannot be analysed without augmenting the stability measures. In addition, the method does not provide an exact stability margin, but is only accurate if the perturbations in the controller parameters are small.
In this paper, a new approach using a measure based on F 1 small gain stability theory Pearson 1993) is proposed. The use of an F 1 framework approach has been suggested previously by Dahleh and Diaz-Bobillo (1995, p. 57) . The advantage of the proposed approach is that, unlike the eigenvalue sensitivity-based approaches, it can be simply extended to consider both closed loop nominal performance and closed loop robust performance and stability (Khammash and Pearson 1993) . The approach is illustrated with two application examples; a study of the implementation of a PID controller for a steel rolling mill problem (Hori 1996) , and an H 1 -optimal controller for a¯uid power system (Njabeleke et al. 1997) . The results for problems are compared with results using measures based on the eigenvalue sensitivities proposed by and Li (1998) .
The next section of the paper introduces the ® nite word length stability problem. Section 3 presents some results from F 1 small gain stability theory, for further details, see Khammash and Pearson (1993) and Dahleh and Khammash (1993) . In } 4, the results are extended to the problem of ® nite word length controller implementation. The problem of determining the controller realization which minimizes the required word length is addressed in } 5. In } 6, the theory is applied to the steel rolling mill and¯uid power system controller structures, and comparisons made with results using measures based on the eigenvalue sensitivities. In the ® nal section, some conclusions are drawn. The eigenvalue sensitivity measures are presented in the appendix.
The ® nite word length stability problem

Standard discrete time feedback control system
Consider the standard discrete time control system shown in ® gure 1. Let the discrete-time linear state space plant G…z † be
n y n u , and the discrete-time linear state space controller be
nu ny . The closed loop system, S…G; K †, shown in ® gure 1 is described by
Finite word length e ect
Let … A k ; B k ; C k ; D k † denote a canonical realization of a discrete time controller K…z †. The controller has been designed a priori with the assumption that it can be implemented accurately. However, with a FWL implementation, the parameters of the controller will have a ® nite precision due to the well-known FWL e ects (Gevers and Li 1993 … 10 † where
Using an FWL implementation, each element, p i; j of K can be implemented to a ® nite accuracy. Thus, in implementation, each element of K may be perturbed by¯, where, for example (Gevers and Li 1993, p. 33 
The problem is to minimize the fractional word length, B s , whilst ensuring that the closed loop system remains stable. In order to do this, it is required to know the minimum perturbation, i; j , on each element of K which will cause the closed loop system, S…G; K † to be not stable.
A FW L stability measure
In this section, a ® nite precision stability measure is de® ned. Firstly, the maximum perturbation, i; j , on the elements of K is de® ned as the 1 -norm Š … † :ˆmax i; j j i; j j¯… 14 † A measure of the stability of the particular digital controller parameterization, K, in the face of perturbations on the controller parameters is de® ned as (Fialho and Georgiou 1994)
Thus Š 0 is the maximal upper bound on the FWL perturbation for which stability is guaranteed.
Optimal realization problem
It is well known that a particular realization of K…z † is not unique. If K 0ˆ… A k0 ; B k0 ; C k0 ; D k0 † is a particular canonical realization of K…z †, then K…T †.
g . In order to minimize the FWL e ect and minimize the required word length, the stability measure, Š 0 , should be maximized for all K…T † 2 K . However, the calculation of Š 0 is not tractable (Fialho and Georgiou 1994, Li FW L stability issues in an F 1 framework 1998). Instead, if some lower bound on Š 0 is de® ned as Š lb where
can be used. Two computable lower bounds on the stability measure, Š 0 , have recently been proposed (Li 1998 , these are given in the appendix as Š 1 and Š 2 . Note that these two lower bounds are based on the sensitivities of the closed loop eigenvalues to perturbations in the controller parameters, and as such are only valid if the perturbations are small, which is usually the case for FWL implementation. Another lower bound, Š F , based on F 1 small gain stability is derived in this paper. This bound is valid for all constant perturbations of the controller parameters.
Based on Š lb … K †, from (11) and (14), one can compute integer B lb as an upper bound on B min s , the minimal word-length that can guarantee the closed loop system stability when subject to FWL perturbations, that is 
The spectral radius of an n n matrix X is de® ned by »…X †ˆmax i j ¶ i j , where f ¶ i g 2 ¶…X †, the set of eigenvalues of X. Note that the spectral radius is not a matrix norm, however, it does satisfy the homogeneous property (Horn and Johnson 1985, p. 313 is causal and sup 
For each kˆ…k 1 ; . . . ; k n † 2 K , the matrix … 27 † is de® ned. The robust stability of the system is determined by this matrix. Similarly, … 28 † Given Rˆdiag … r 1 ; . . . ; r n † 2 R , then for the vector p, the matrix R p is de® ned as R p :ˆdiag … r 1 ; . . . ; r 1 ; . . . ; r n ; . . . ; r n † ; where each r i is repeated p i times. Clearly, R p depends on both R and p. The matrix R q is similarly de® ned. (1) for all k 2 K ; »…M k † < 1; (2) for any k 2 K , the inequalities xM k x have no non-zero solution x 2 R n which satis® es x 0;
The proof is given by Pearson (1991, 1993) . The three conditions are equivalent.
S tructured uncertainty for FW L controller implementation
Theorem 1 provides an easily computed test for ensuring closed loop stability and performance for the discrete time control system subjected to perturbations in the digital controller due to the FWL implementation. Only closed loop stability is considered here.
FW L perturbation bound
Let the controller parameterization 
We can use Theorem 1 to compute a su ciency test on the stability of the closed loop system with a FWL implementation. Note that Theorem 1 becomes a su cient condition because the perturbations on are restricted to being linear and time invariant. (1) for all k 2 K ; »…QM k † < 1=¯; (2) for any k 2 K , the inequalities x¯QM k x has no non-zero solution x 2 R n which satis® es x 0;
where Qˆdiag … n k ; . . . ; n k ; n y ; . . . ; n y ; n k ; . . . ; n k ; n y ; . . . ; n y † , with both n k repeated n k times and both n y repeated n y times, and where M is given by … 38 †± … 42 †. 
Optimal realization problem
In this section, the problem of determining the structure that minimizes the required word length is addressed. From (17), the problem to be solved is max
Closed loop realization transfer functions Let
B 1ˆ0 0 0 0 
Clearly, as expected, the eigenvalues of M T are una ected by the parameterization.
Optimal FW L realization
From Corollary 1 and from Theorem 2, the problem given by (43) is equivalent to ® nding ¾ and hence maximal Š F and an optimal K…T † where and maximal Š Fˆ1 =¾. The problem given by (50) is not convex, so local minima can be found by means of nonlinear programming.
From (49), the system transition matrix, A, is independent of the parameterization T . This is an important point in terms of the e ciency of the computations required to solve (50), in that the impulse response kernel, ‰ I; A; A 2 ; . . .Š, is constant and needs only to be solved once. The main computational load is then to solve n 2 y n 2 k (the number of elements in K ) fourth order spectral radius problems.
Application examples
The proposed approach is illustrated with two application examples, a PID controller for a steel rolling mill problem, and an H 1 -optimal controller for a¯uid power system. The results for both problems are compared with results using the eigenvalue sensitivity based measures Š 1 and Š 2 de® ned in the appendix.
A steel rolling mill PID controller
A study of the FWL PID controller implementation for a steel rolling mill appears in Istepanian et al. (1998 b) , and is based on a system described by Hori (1996) . The torsional vibration model of the system is actually a distributed parameter system, and using modal analysis can be modelled as a multi-inertia system connected by springs. The simplest model considering up to the ® rst mode is a two-mass model shown in ® gure 5. The motor and load moments of inertia are represented by J M and J L respectively; the motor and load coe cients of friction by B M and M L respectively, and the spring constant by K S .
The state equations of the system are The discretized plant G…z † is given by (see (57)). With the realization given by (56), the F 1 -based stability measure was calculated to be Š Fˆ2 :101. and an optimal realization of (see (59)).
This optimal realization guarantees stability for a maximum permissible perturbation of¯ˆ0:008 157, compared to an optimal maximum permissible perturbation of¯ˆ0:008 929 obtained using the method of Istepanian et al. (1998 b) . When implemented with a fractional 3-bit length implementation, the controller … 60 † is stabilizing. Table 1 shows a comparison of the measures Š F , Š 1 and Š 2 for ® ve di erent PID controller realizations. The measures Š 1 and Š 2 are de® ned in the appendix. The original controller realization is given by (56), i.e.
T 0ˆI2 . The F 1 -optimal realization is from transformation matrix T F given by (58). A Š 1 -optimal realization is obtained using the method of Istepanian et al. (1998 b) with transformation matrix (Laub et al. 1987) is obtained with transformation matrix for closed loop stability for each realization. These results indicate that the F 1 framework provides a tractable stability measure of similar suitability to that based on Š 1 and Š 2 .
A¯uid power speed controller
Fluid power systems have traditionally been the preferred choice in applications where high power is required to be smoothly delivered in a compact form. This is mainly due to the high power to weight ratio as well as high inherent sti ness of the transmission¯uid. Despite their success, it has become di cult to satisfy increasing demands for high accuracy in low cost high power applications where huge pressure variations and non-linearities are invariably present. Inability to meet these demands e ciently in open loop has led to the consideration of feedback control. Unfortunately, model uncertainties caused by supply pressure variations and the heavy non-linearities caused by both uid and component characteristics make the application of traditional linear feedback control challenging, especially where precise control is required over a range of operating conditions.
A robust controller has been designed by Njabeleke et al. (1997) load disturbances at high speeds and reciprocating loads (when the motor drives a mechanism with linear movement) at low to medium speeds. These are typical applications in manufacturing. The controller has been designed using the H 1 loop shaping design procedure of McFarlane and Glover (1992) . The plant model is given by (see (64)) and the continuous time H 1 -optimal controller is (see (65)).
The controller was discretized using the bilinear transform (54). A sampling period of 0.002 s (500 Hz) was selected to re¯ect the system bandwidth at high speed. The controller was implemented as a ratio of two polynomials using a di erence equation. Unfortunately, the bandwidth falls by over a factor of 10 as the operating speed is reduced and this sampling rate leads to poor numerical conditioning as the closed loop poles are pushed close to the unit circle, causing instability (both in simulation and on an experimental rig) because the controller coe cients are truncated.
The original discrete controller realization was (to four signi® cant digits) (see (66)). With this realization, the F 1 -based stability measure was calculated to be Š Fˆ4 8:178 10 ¡ 6 . With the discrete controller realization in the observable companion form, the stability measure is Š Fˆ4 :7439 10 ¡ 9 . Similarly, with the discrete controller realization in the controllable companion form, the stability measure is Š F2
:3835 10 ¡ 9 . A Nelder Mead modi® ed simplex search was used to ® nd solutions to (50). The best solution produced a value of ¾ˆ4:0623 10 3 with (to four signi® cant digits) (see (67)). For this optimal realization, the stability measure is Š Fˆ0 :2462 10 ¡ 3 . This is an improvement by ® ve orders of magnitude on the stability measure for the controllable and observable companion realizations. 
